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Proposal Summary
Alpha shapes were invented in the early 80s of last century [18], and their implementation in three dimensions in the early 90s [20] was at the forefront of the exact arithmetic paradigm [33] that enabled fast and
correct geometric software. In the late 90s, alpha shapes motivated the development of the wrap algorithm
for surface reconstruction [14], and of persistent homology [19], which was the starting point of rapidly
expanding interest in topological algorithms aimed at data analysis questions [6, 16]. We now see alpha
shapes, wrap complexes, and persistent homology as three aspects of a larger theory, which we propose to
fully develop. This viewpoint was a long time coming and finds its clear expression within a generalized
version of discrete Morse theory [23]. This unified framework offers new opportunities, including
(I) the adaptive reconstruction of shapes driven by the cavity structure;
(II) the stochastic analysis of all aspects of the theory;
(III) the computation of persistence of dense data, both in scale and in depth;
(IV) the study of long-range order in periodic and near-periodic point configurations.
These capabilities will significantly deepen as well as widen the theory and enable new applications in the
sciences. To gain focus, we concentrate on low-dimensional applications in structural molecular biology
and particle systems.
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Section a: Extended Synopsis of the Scientific Proposal
We review the technical components on which this proposal is based, mention some of their extensions,
discuss algorithms, and finally list applications we address.

A. FUNDAMENTAL INGREDIENTS
Our study combines geometric, topological, and algebraic ingredients to a powerful theory that facilitates
inroads into a number of applied fields. These applications warrant detailed investigations and motivate
the computational and mathematical developments. We begin with brief introductions of the three main
ingredients: alpha shapes, wrap complexes, and persistent homology.
Alpha shapes. Let X be a finite set of points in d-dimensional Euclidean space, Rd , and let r ≥ 0. The
most direct definition of the alpha shape starts with the Voronoi tessellation of X and its dual Delaunay
mosaic, which we denote as Del(X); see [15] and the left panel of Figure 1. Write Xr for the set of
points at distance at most r from at least one data point, and note that the Voronoi tessellation decomposes
Xr into convex sets, each the intersection of a round ball with a convex polyhedron. Taking the dual of
this decomposition, we get the alpha complex for radius r, denoted Alphar (X), which we observe is a
subcomplex of the Delaunay mosaic; see the right panel of Figure 1. The alpha shape for radius r is
the part of Rd covered by the simplices of Alphar (X). For simplicity and without loss of generality, we

Figure 1: Left: a Voronoi tessellation in the plane (dotted) and its dual Delaunay mosaic (solid and shaded) superimposed. Only the Voronoi edges within the rectangular window and their dual Delaunay edges are shown. Right: the
Voronoi decomposition of the union of balls centered at the data points and the dual alpha complex superimposed.

assume that X satisfies a suitable general position requirement so that the Delaunay mosaic is a simplicial
complex. It follows that Alphar (X) is a simplicial complex for every r.
When r increases, Alphar (X) stays constant or gains new simplices. It follows that for each simplex
there is a threshold beyond which the simplex belongs to the alpha complex. Write f : Del(X) → R for
the function that maps each simplex to this threshold, refer to f as the radius function on the Delaunay
mosaic, and observe that the alpha complexes are its sublevel sets: Alphar (X) = f −1 [0, r] for every
0 ≤ r ≤ ∞.
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Wrap complexes. The original paper on this topic was written in terms of smooth approximations of a
piecewise linear function [14]. Here we use the language of discrete Morse theory [23, 24], which allows
for a compact definition based on the radius function on the Delaunay mosaic. Ordering the sublevel sets
from smallest to largest, we suppose that ri is the smallest real number such that Ki = f −1 [0, ri ] is the i-th
alpha complex. The difference to the preceding alpha complex, Ki \ Ki−1 , consists of all simplices in the
Delaunay mosaic whose smallest empty circumscribed sphere has radius ri . Assuming general position,
these simplices form an interval in Del(X); that is: there are simplices P, R ∈ Del(X), with P ⊆ R, such
that the interval is [P, R] = {Q ∈ Del(X) | P ⊆ Q ⊆ R}. In other words, the radius function partitions
the Delaunay mosaic into intervals, and we distinguish between singular intervals, defined by P = R, and
non-singular intervals, for which P is a proper face of R. The critical simplices of f are the ones that
belong to singular intervals.
The partition into intervals provides extra structure, which we exploit to define the wrap complex for
radius r, denoted Wrapr (X), as the complex obtained from Alphar (X) by collapsing all non-singular
intervals that can be collapsed. To explain what this means, let [P, R] be a non-singular interval whose
simplices belong to Alphar (X). If P is not a face of any simplex outside its interval, we can remove all
simplices of the interval from the alpha complex, an operation we refer to as a collapse. Iterating this step,
we eventually get Wrapr (X). Indeed, it is not difficult to prove that the set of removed simplices does not
depend on the sequence in which we collapse the intervals. A collapse preserves the homotopy type, which
implies that Wrapr (X) ⊆ Alphar (X) have the same homotopy type and therefore isomorphic homology
groups. Historically, the main reason for introducing wrap complexes was for surface reconstruction
[11, 14], and we add Objective (I) as another motivation to study and further develop the concept.
Persistent homology. Using the radius function on the Delaunay mosaic, we get a filtration of alpha
complexes: ∅ = K0 ⊆ K1 ⊆ . . . ⊆ Kn = K. As mentioned earlier, the difference between contiguous
complexes is either a critical simplex or a non-singular interval of simplices. The two complexes have
non-isomorphic homology groups in the former case and isomorphic homology groups in the latter case.
More precisely, upon adding a critical p-simplex, either the p-th homology group gains a generator or the
(p − 1)-st homology group loses a generator. We call the first event a birth and the second event a death.
The main insight of persistence is that there is a canonical pairing between the births and the deaths that
encodes a rich amount of information about the complexes in the filtration, richer than just the ranks of
their homology groups. A more elaborate introduction of persistent homology will be given in the main
body of the proposal, but see also [7, 16, 19, 25]. Here we are content with an elementary discussion of
the extra information contained in the birth-death pairs.
Suppose a p-simplex gives birth to a generator of the p-th homology group, and later in the filtration a
(p + 1)-simplex gives death to this generator. In R3 , we have such events for p = 0, 1, 2. The case p = 0
is special because all vertices are born simultaneously, at r = 0, and we count as many gaps as there are
vertices minus 1. A gap dies when an edge connects the two components it separates. This is just like
in hierarchical clustering, but there are two more interesting cases. For p = 1, we witness the birth of a
tunnel when an edge completes a loop, and its death when the last in a series of triangles closes the tunnel.
For p = 2, we witness the birth of a void when a triangle completes the enclosing surface, and its death
when the last in a series of tetrahedra fills the void. For each i ≤ j, we have a persistent homology group,
which counts the homology classes born before or at Ki and dying at Kj or later. We represent the pairing
combinatorially as a multiset of points in the extended plane, drawing the time of birth horizontally and
the time of death vertically. Calling this multiset the persistence diagram of the filtration, we can see the
ranks of the homology groups as the numbers of points in upper-left quadrants anchored on the diagonal.
The extra information are the ranks of the persistent homology groups, which we can see as the numbers
of points in upper-left quadrants anchored above the diagonal.

3

Edelsbrunner

Part B1

Alpha

B. EXTENSIONS
The main concepts of our theory have far-reaching extensions, of which we list the four that are most
relevant to applications pursued in this project.
To deal with spheres of different sizes, we generalize the Voronoi tessellation and Delaunay mosaic
to weighted points, X ⊆ Rd × R. The weighted squared distance of an unweighted point a ∈ Rd from
a weighted point (x, wx ) ∈ X is ka − xk2 − wx . Retracing the definition of the Voronoi tessellation for
unweighted points with this notion of distance, we get the weighted Voronoi tessellation and the weighted
Delaunay mosaic of X [1], but also the weighted alpha shape and the weighted wrap complex of X for a
radius r [13].
Assuming dense data in the form of a discrete set X ⊆ Rd , we choose a positive integer k, and we
decompose space based on the k closest points in X. Specifically, the domains in the order-k Voronoi
tessellation of X are maximal subsets of Rd such that any two points in a subset have the same k closest
points in X, with ties ignored [30]. The order-k Delaunay mosaic is easy to define abstractly, as the dual
of the order-k Voronoi tessellation, and there is a natural geometric realization obtained by mapping every
domain to the average of its k closest points, which is a point in Rd [2]. Given a radius r ≥ 0, we can
restrict the construction of the order-k Voronoi tessellation to the k-fold cover, which consists of all a ∈ Rd
whose k closest points are within distance r from a. This leads to the definition of the order-k alpha shape
of X for r, which captures the homotopy type of the k-fold cover [17].
Letting X ⊆ Rd be discrete, the k-th Brillouin zone of x ∈ X is the set of points a ∈ Rd for which
x is the k-th closest point of X, with ties ignored. Note the connection to the order-k Voronoi tessellation
of X. These zones have originally been introduced in crystallography [5] and have been used to study
lattices, which are sets X that are periodic in d linearly independent directions. For example, it is known
that for every x and k, the d-dimensional volume of the k-th Brillouin zone centered at x is the determinant
of the matrix of basis vectors spanning the lattice [4].
A vineyard is a time-series of persistence diagrams [10]. Imagine, for example, a slowly folding
protein. At any moment in time, t ∈ [0, 1], the data is a collection of (possibly weighted) points in R3 ,
each the center of an atom of the protein. Correspondingly, we get a persistence diagram, which provides
a multi-scale description of the shape at time t. Running the process from beginning to end, we get a 1parameter family of persistence diagrams. As proved in [9], the transformation to the persistence diagram
is 1-Lipschitz, which implies that each point in the diagram changes continuously with time. Stacking up
the persistence diagrams of the 1-parameter family, we see each point move along a connected path, which
we call a vine. The collection of vines is the vineyard of the folding protein.

C. ALGORITHMS
There are fast algorithms and also publically available software for many but not all concepts in our theory.
We briefly discuss the current state and mention where improvements of algorithms and software are
needed and where new algorithms and software is desired.
There are fast algorithms for constructing Voronoi tessellations and Delaunay mosaics, both with
floating-point and with exact arithmetic, and we mention CGAL — the computational geometry algorithms library — as a popular source for both. We prefer exact arithmetic because small errors can get
large by propagation and lead to unexpected events. In two and three dimensions, this software is fast
because well optimized, but in four and higher dimensions we desire faster code for the time in the future
when applications that go beyond the usual three dimensions will have matured. There is little difference
between the algorithms in the weighted and the unweighted cases. Order-k Delaunay mosaics can be constructed as weighted order-1 Delaunay mosaics. The naive way to do this computes a weighted point for
every subset of size k, but many will be redundant, which slows down the algorithm. A better option is the
4
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incremental algorithm, which computes the order-k from the order-(k − 1) Delaunay mosaic, and we have
developed a version that is simple enough to have an effective implementation as part of Objective (III).
Given a weighted or unweighted Delaunay mosaic, the computation of the radius function is straightforward but not without pitfalls. Even here, floating-point arithmetic can lead to fatal errors, for example
when the computed radii violate the interval structure or, worse, give rise to sublevel sets that are not
subcomplexes of the mosaic. These structural constraints need to be kept in mind, and they need to be
corrected for in cases in which the radius function is computed only approximately. Given a radius function on a weighted or unweighted Delaunay mosaic, it is easy to construct an alpha complex by selecting
simplices, and a wrap complex by further collapsing non-singular intervals. There are however still open
questions about the efficient computation of modifications of the wrap complex, eg. for the adaptive reconstruction of shapes mentioned as Objective (I) in the Proposal Summary.
While persistent homology is the youngest of the main ingredients of the theory, its algorithms have
received much attention within the context of topological data analysis and enjoyed a rapid development
to ever faster and widely available software, including JAVA P LEX [32], D IONYSUS [29], and PHAT [3].
Nonetheless, there is room for improvement but also for expansion. For example, most algorithms assume
that the linear maps between the homology groups are induced by inclusions between the complexes in
the filtration. Recently, algorithms for simplicial maps between the complexes have been considered [12].
However, the linear maps we encounter in our approach to Objective (III) are more general yet. Even when
the linear maps are induced by inclusions, there are questions that are currently unanswered. Some relate
to the exhaustive reduction algorithm for persistence, which we use to approach Objective (I) [19]. It tends
to lead to less sparse matrices than the traditional algorithms, but the extra information is useful, as we
will see.
Another direction with room for improvement concerns algorithms and software that compute vineyards, for which the only widely available software we are aware of assumes a fixed mosaic [29]. For
applications to dynamic molecules, we need a vineyard algorithm that is customized for Delaunay mosaics
defined by moving points in R3 , and we desire an extension to two or more independent time-parameters.

D. CONNECTIONS TO APPLICATIONS
We derive the motivation for the development of the geometric concepts and their algorithms from applications. Because of the wide range of possibilities, we need to make choices to prevent becoming unfocused,
and we favor low-dimensional questions that have to do with molecules and with materials. We describe
four such connections, briefly sketching the background and the connections to our objectives.
Transport pathways and adaptive reconstruction. The interaction between biomolecules takes place
in cavities, which loosely speaking are surface depressions and protrusions of matching size and shape.
A particularly interesting such interaction passes a signal from one side of a cell membrane to the other.
This may happen through allostery, which is a concerted adjustment of the conformation that propagates a
change in shape, or by channeling a particle through the membrane. We refer to [8] for software supporting
the search for such transport pathways.
The functional channel in a protein is often the most persistent tunnel in the corresponding alpha shape
filtration. It is therefore desirable to reconstruct the shape with precisely this one tunnel, but chances are
that there is not a single alpha shape with this property. In this case, there is also not a single wrap complex
with this property, but we can use the interval structure of the radius function to force the property in the
reconstruction. In the main body of this proposal, we will give details on how to combine the wrap algorithm with an embellished version of persistent homology that provides information about dependences
between the holes, which we need to take into account since we desire some tunnels but not others in the
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reconstructed shape. Other than through tunnels in 3D shapes, a particle can also be transported inside a
bubble that moves through a shape in time. Such transport is difficult to observe experimentally so that
searching for 1-dimensional pathways through 4D shapes will enter unchartered land both in theory and
in practice. We combine our technology to trace and reconstruct holes with parametrized representations
of shape (vineyards) to support the search for such elusive transport pathways.
Shape classification and stochastic geometry. The desire to build databases of shapes arises in many
contexts, for example of materials, for which it is essential to capture the hole structure within [27].
In structural molecular biology, proteins and other biomolecules have elaborate classification schemes,
but these are often not or not only based on shape. A class of proteins for which a classification based
on geometric shape is desirable arises in the study of viruses. While many of these proteins have little
sequence similarity, they can substitute for each other in the assembly of the capsid, and the viruses switch
between them under environmental pressure [31].
We suggest to use the space of persistent diagrams as the mathematical basis of a shape database for
these proteins. While this idea is not new, its details are not well understood. We contribute with stochastic
studies of random data to provide a baseline for comparison. Building on recent analytic results for Poisson
point processes [22, 21], we gather experimental data (and get analytic expressions where possible) for
persistence diagrams of the Delaunay radius function and for birth-giving versus death-giving simplices in
the corresponding filtration.
Dense data and multiple covers. The topological aspects of data analysis are about the shape of data,
but often this means the shape of the bulk, or the region where the data exceeds a density threshold. Such
restrictions may be motivated by statistical considerations or the need to cope with too much data.
We approach dense data by studying the k-fold cover for a non-negative radius, r, which is the subset
of space within distance at most r from at least k data points. The order-k Voronoi tessellation decomposes
this cover into convex pieces, giving a filtration of order-k alpha complexes that have the same persistence
diagram as the k-fold covers. While there are no major mathematical obstacles, there are computational
challenges that we had to overcome to develop fast software for the tessellations and the persistence diagrams. In contrast, fixing r and varying k leads to a more interesting but also more challenging task. The
main obstacle to developing an algorithm is the fact that the alpha complexes for different depth values are
not in any obvious way related to each other. We will explain ideas how to overcome this difficulty in the
main body of this proposal.
Near-periodic systems and long-range order. With some idealization, the atoms in metals but also
other materials are arranged in 3-dimensional lattices. In reality however, metals form chunks of lattices,
called grains, with violations of the global order where neighboring grains meet along surfaces and junctions [28]. Another deviation from global order is a relaxation throughout the material, as observed for
example in glass [26].
We propose to use Voronoi tessellations, Brillouin zones, and persistent homology to study deviations
from global order. For a lattice, the persistence diagram of the Delaunay radius function is necessarily
very simple, with just a few different points, each with infinite multiplicity. This suggests we characterize
deviations from the global order by the effect they have on the diagram, adding new points or spreading out
the piles of infinitely many copies. Similarly, the Brillouin zones for a lattice have predictable properties
so that violations of these properties can be used to classify and quantify deviations from global order.
For example, in a lattice the Brillouin zones approach the shape of a sphere when the depth of the zone
goes to infinity. For non-lattice data, the Brillouin zones are still star-shaped so we can use the persistence
diagram of the radial distance function to quantify how far its shape deviates from that of a sphere.
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work in our group to the discrete differential interests in the majority of the other groups in the Sonderforschungsbereich.
The full title of the ONR project is “Toward computational information topology”. The money pays
for one postdoc at IST Austria. The topic is complementary to this project and aims at developing computational topology tools for information theoretically motivated Bregman divergences.
The full title of the Royal Society project is “Topological data analysis for a faster discovery of new
materials”. The support funds visits of my group to Liverpool and visits of the Liverpool group to IST
Austria. The topic is the application of computational geometry and topology to questions in material
science.
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Section c: Ten Years Track-Record
PUBLICATIONS
Since the year 2007, I published 38 articles in scientific journals, 9 contributions in edited book volumes,
and 18 additional papers in conference proceedings. Here, I list a selection of ten journal articles.
U. BAUER AND H. E. The Morse theory of Čech and Delaunay complexes. Trans. Amer. Math. Soc. 369 (2017), 3741–3762.
[This paper uses the formalism of generalized discrete Morse theory to give a unified view of Čech complexes, DelaunayČech complexes, alpha complexes, and wrap complexes. The main result is the explicit construction of a collapsing
hierarchy connecting these complexes.]
H. E. G. JABLONSKI AND M. M ROZEK . The persistent homology of a self-map. Found. Comput. Math. 15 (2015), 1213–
1244. [This is the first paper to make inroads into combining the concept of persistent homology with discrete approaches
to solving dynamical systems. It introduces the concept of a sampled dynamical system, which is discrete in time and in
space, and describes algorithms that compute the persistence of the connecting maps.]
H. E., B. FASY AND G. ROTE . Add isotropic Gaussian kernels at own risk: more and more resilient modes in higher dimensions. Discrete Comput. Geom. 49 (2013), 797–822. [This paper analyzes under what circumstances adding Gaussian
kernels gives rise to phantom modes. A key technical result is the complete analysis of the sum of such kernels placed at
the vertices of a regular simplex.]
H. E.

M. K ERBER . Dual complexes of cubical subdivisions of Rn . Discrete Comput. Geom. 47 (2012), 393-414. [Motivated by the importance of images in data acquisition, this paper describes combinatorial perturbations that unfold the
complications caused by the non-primitive structure of cubical subdivisions. The main result is a complete analysis of the
family of diagonal distortions of the integer grid in any fixed dimension.]

AND

H. E., D. M OROZOV AND A. PATEL . Quantifying transversality by measuring robustness of intersections. Found. Comput.
Math. 11 (2011), 345–361. [This paper uses ideas from persistent homology to quantify classically binary concept
of transversality. A key step in the construction is one of the earliest non-trivial application of zigzag modules. The
results imply a short proof of Brouwer’s classic Fixed-point Theorem for balls in n dimensions.]
P. B ENDICH , H. E. AND M. K ERBER . Computing robustness and persistence for images. IEEE Trans. Visual. Comput. Graphics 16 (2010), 1251–1260. [This paper combines quad/oct-tree representations of images with the persistent homology
algorithm, improving the running time by orders of magnitudes at the expense of a controlled distortion of the persistence
diagram.]
D. C OHEN -S TEINER , H. E. AND J. H ARER . Extending persistence using Poincaré and Lefschetz duality. Found. Comput.
Math. 9 (2009), 79–103. [This paper extends the persistence diagrams to double filtrations, thus enabling applications
that need finite measures of persistence for all features of a function and its domain. A key result is the description of a
rich collection of symmetries the extended diagram of a function on a manifold enjoys.]
J. H EADD , Y.-H. BAN , P. B ROWN , H. E., M. VAIDYA AND J. RUDOLPH . Protein-protein interfaces: properties, preferences,
and projections. J. Proteome Research 6 (2007), 2576–2586. [This paper pushes the concept of interface surfaces in
protein-protein complexes, introduces visualizations of local interactions through 2-dimensional, two-sided, and colored
diagrams, and presents extensive experimental results.]
D. ATTALI AND H. E. Inclusion-exclusion formulas from independent complexes. Discrete Comput. Geom. 37 (2007), 59–77.
[This paper introduces the concept of an independent complex, which relaxes Delaunay complexes by tolerating local
changes of the complex structure. The main result is a proof that the inclusion-exclusion formulas for the volume of a
union of balls that correspond to independent complexes are correct.]
D. C OHEN -S TEINER , H. E. AND J. H ARER . Stability of persistence diagrams. Discrete Comput. Geom. 37 (2007), 103–120.
[This is the first paper to formulate and prove the stability of persistence diagrams, which is considered a milestone in the
development of the field. A key concept is the introduction of the bottleneck distance, which gives the space of persistence
diagrams a metric space structure.]
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PLENARY TALKS
Since 2007, I gave 35 plenary talks at Mathematics, Computer Science, Material Science, Geographic
Information Systems, and Astronomy meetings. Here, I list a selection of ten meetings.
2017:
2016:
2016:
2015:
2015:
2014:
2014:
2012:
2010:
2007:

SIAM Conf. Applied Algebraic Geometry, Atlanta, Georgia.
Tetrahedron V: 5th Workshop on Grid Generation for Numerical Computations, Liège, Belgium.
11th Internat. Comput. Sci. Sympos. in Russia, St. Petersburg, Russia.
23rd Internat. Sympos. Graph Drawing and Network Visualization, Los Angeles, California.
IAMR Internat. Sympos., Sendai, Japan.
8th Internat. Conf. Geographic Information Science, Vienna, Austria.
25th ACM-SIAM Sympos. Discrete Algorithms, Portland, Oregon.
6th Europ. Congress Math., Krakow, Poland.
6th Conference on Astronomical Data Analysis, Montasir, Tunesia.
6th International Congress on Industrial and Applied Mathematics. Zürich, Switzerland.

DISTINGUISHED LECTURES
Since 2007, I delivered 9 distinguished lectures at Universities in the US, Europe, and Asia. Here, I list a
selection of five.
2014:
2012:
2011:
2010:
2008:

Distinguished Lecturer Series, Ohio State University, Columbus, Ohio.
College of France, Paris, France.
Academia Sinica, Institute of Information Science, Taipei, Taiwan.
Applied Mathematics and Computational Science, University of Pennsylvania, Philadelphia.
Distinguished Lectures in Computer Science, Columbia University, New York.

CITATIONS
Google Scholar found 31,918 citations in total, with h-index 81, and i10-index 224. Since 2012, it found
10,038 citations, with h-index 44, and i10-index 133.
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